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In calculating the strength of airplane '^ving spars ^ the as- 
siimption is usual that the ribs are connected to the spars by 
flexible joints. This assumption is not accurate^ as the ribs 
are attached very firmly to the spars by means of brackets, nails 
and glue. This method of attachment is so rigid, with reasonably 
good vTorkmanship, that it is justifiable to assume that the ribs 
are rigidly attached to the spars. 

The aim of the following investigation is to determine what 
effect this type of joint has on the strength of the spars. The 
investigation was suggested by the striking fact that the practi- 
cal loading tests generally gave greater strength and smaller de- 
flection than strength calculations based on the assumption of 
ribs attached by flexible joints. The difference was particularly 
noticeable, -^ith heavily offset loading and arises from the fact 
that the more heavily loaded spar transmits a portion of its load 
through the ribs to the more lightly loaded spar. 

Fig. 1 shows the framework of the wing in perspective. It 

consists of two spars with nine ribs, and rests on points A - B - 

C - D. A statically determinate system is produced, when all the 

ribs are cut through with the exception of the rib A - C (hatche 

in Fig. 1). Two simple spars A - B and C ~ D are thus obtai ns 
* From Technische Berichte, Volume III, No. 4, pp. 100-107., (l91B) 
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The Rib A - C is required iTx order to prevent the spars from turn- 
ing about their longitudinal axis. For syiiimetry, the central rib 
might be considered as part of the statically determinate system 
and the rib A - C could then be cut, but this is not of advantage 
in the computation^ since it makes the determination of the dis- 
placement ^s,3,y 63^13 etc. more com.plicated. At the points of 
section of the ribs, three unlcnowns generally appear: longitudinal 
force, shearing force and bending moment, and the system is, there- 
fore, 3 X 8 - 34-fold statical].y indeterm.inate. 

In order not to complicate the investigation unnecessarily, the 
following ass"umptions may be made, vis: 

1. The external forces act at right angles to the plane 
through the longitudinal axis of the spars. The longitudinal 
forces in the (straight) ribs will then be zero. 

2, The moments of inertia and the areas of the two spar sec- 
tions are equal and the external forces act only on the spars, not 
on the ribs. The bending moments in the central portions of the 
ribs thus become zero. The strict proof of this is put in the 
Appendix in order not to interrupt the course of the analysis. 
Besides, the arrangem.ent shows at once that the elastic lines of 
the ribs must have a point of flexion at the center i. Fig. 11, 
since the angle of torsion A 6, of corresponding cross-sections 
of the two spars must be equal with equal cross-section and without 
load on the ribs. 

The wing frame is nov; only eight-fold statically indeterminate. 



~ 3 « 

Let the shearing forces acting at the center of the ribs be desig- 
nated by Xa, X^, X^., etc. With rigid supports, these must satis- 
fy the elastic conditions-* 

^a S^a ^b Sab ^ ^c ^ac . . . . 6ah = ^^m ^ma 

2. Xa 6ab + '^'b 'Sbb + ^c ^bc + - • • » ^bh = ^^m ^mb 

3. Xg^ 5ac + Xb 6bc + ^cc + 5ch = SPm ^c 



8- Xa 6ah + X^ + Xq 6^11 4- . . . .^h ^h - S^m ^h 

1. Calculation of coefficients of the unknowns . 

With loads Xa = -1, X^ = -1, X^ = -1, etc, , etc. 
ribs are subjected to bending, and the spars to bending and tor- 
sional stresses (Fig, 2). 

In general, let - 

Mp denote the bending moment resulting when Xp = -1 
T/[q II M M n " " Xq = -1 

Tp " " torsional " " " Xp = -1 

IT 11 n " " " Xq = -1 

for any section of the -^ring framework. 

* Muller-Breslau: "Die neueren Methoden der Festigkeitslehre und der 
Statik der Baukons truktionen" (Recent methods of the theory of the 
statical strength of framed structures), T.B. 1913, p, 209. 
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Fiirther, let - 

I denote the equatorial moment of inertia of the spars, 

" " " «• n w ti n ribs, 

Ip " " polar moment of inertia of the spars, 

E " " modulus of elasticity, 

S " " " " shearing, 

and we get - 

where the first two integrals are taken over both spars and the 
last one over all the ribs. The section of the spar has, for the 
sake of simplicity^ been assumed to be circular or annular. If 
this is not the case, it becomes necessary to introduce the ex- 
pression - 

I 

^ " ••- or, according to Saint Venant, — 

4 Ix ly 40 Ip 

in place of Ip. * 

On the assumption, which corresponds with actual conditions, 

that 

1 3 ^ 

'^i^S-'-^ ^p'^SI; S = qE 

we obtain - 

E I 6pq = / Mp Mq dx + |/Tp Tq dx + 6/ Mp Mq dz. 

The evaluation of E x I x 5; .follows at once from Figs, 3 to 

* Ibid p. 211 and 355. 
** "Hutte" 22nd edition. Vol, I, pp. 570-1. 
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7, in conjunction with Table 1, The calculation of E x I x 

will be exhibited here for easy comprehension. The bending and 

torsional moments produced in the spars under the conditions, 

Xb = -1, ^d -1> sire indicated in Figs. 4 and 6. Fig, 7 shows 

the bending moment in the rib b or d, and in the end rib 

A - The distance between the ribs is taken as s, and the dis^ 

tance between the spars at the same time as 2s. By reason of the 

load X]3, ^ ~l^ pressures arise in the spars of the magnitudes 

6 3 

± g and ± g and the bending moments on the spars, for the 
parts from A and C as far as to the rib b, are, therefore: 

Mb = ± I X 

b 

from rib/ to rib d: 

from rib d to rib h: 
Mb = ± I X' 

In the same manner, from X^^ = -1 (Fig. 6) for the parts from 
A and C up to rib b, there arises the moment: 

Md = ± I X 
From rib b to rib d: 

% = ± I {2s + e) 
From rib d to rib h: 

Md = ± I X' 
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Thus we obtain: 

I 

/ Mp !Iq dx = 3 / Mb dx = 

The torsional moments of the spars arising from- X-i^ = -1 are: 
For the parts from A and G to rib b: 

To = ± s 

From rib b to rib h: 

= 0 (See Fig. 4). 

and from X<i = -1 

for parts from A and C to rib d: 
= ± s 

From rib d to rib h 
Hence - 

4 2 S n r* 

i/TpTqdx = 2 — / ssdx=-3-s^ 

and finally from X]^ ^ -1, there arises in the rib b and in the 
end rib AG the bending moment = ± z (compare Fig. 7). 

For the remaining ribs we find M^^ = 0. 

In the same manner, we obtain witli X^ = -1 ii"- the rib d 
and in the end rib AC: = ± z and in the remaining ribs, 

1% 0. 
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We therefore;, get - 

8 

6 / Mp Mq dz = 2 6 jT z z dz = 4s^ 

The integral extends here only over the end rib because 
Mp X Mq = 0 for all the other ribs. Thus, we obtain - 
E I 6b, . i2| S3 . i| s3 . 4s3 . 2§| S3 

The other coefficients of the unknoTms given in Table 1 have 
been determined in a similar manner. 

3. Determination of SPrri x ^ng . 

In the case where the same load P acts at each node of a 
spar, ^ve have in general: Z = P 1.6^^. Since the loads 

P act at the same points of the spars as the shearing forces 
Xa, Xc, etc. , and as they only produce bending moments in the 
one spar, the values 6mq may be taken direct from Table 1, 
column 1. 

E I SPm &ma = 2^13 + 81 . 95 + 94 + 81 + 59 + 

+ 31) s^ = ^P s^^ 

E I l^m ^mb = 2TI2 + ^'^^ ^ 

+ 112 +59) s3 = ^ P s^"' 

E I ZP^ 6jnc = 2^ '^^^ " ^ ^ ^ 

+ 153 + 81) s^ = P s^ 
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E I SP^^ = (94 + 176 + 234 + 356 + 234 + 



+ 176 + 94) = P S' 



E I SP^ 6.^f = E I ZP^ 6^;o = ^§ P 3^ 

E I ZP^ Smg = E I Z?r, 5n,a = ? s^ 
E I ZP51 = 0. 

5. Calculation of the unkr.ovvns . 

We obtain: 

1. l77Xa + leiX^ + 175Xc + 174Xd + leiX^ + 139Xf + 

+ lllXg + eOX-^ = 345P, 

2. 161Xa + 304X-b + 2&7Xc + 288Xd + 265Xe + 224Xf + 

+ 171Xg + 112Xh = 450P, 

3. 17 5Xa + 287Xb + 417Xc + 378Xci + 35lXe + 297Xf + 

+ 225Xg + 144Xh = 585P, 

4. 174Xa + 288Xt, + 378Xc + 480X(i + 410Xe + 352Xf + 

+ 270Xg + 176Xh = 632P, 

5. 161Xa -r 265\ + SSIX^ + 410X^ + 48lXe + 383Xf + 

+ 303Xg -5- 208Xh = 585P, 
eto. 
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8. 80Xa + 112Xb + 144Xc + 17 eX^ + 208Xe + 240Xf + 
+ 272Xg + 552Xh = 0. 

Since, from syirmetry, Xg = X^, Xf = Xi^, Xg = X^, 
the first five equations are sufficient to determine the unknown. 
Equation 8 serves as a check. 



1. 


288Xa 


+ 


300Xb 


+ 


336Xc 


+ 


174Xci 


+ 


80Xh = 


245P, 


2. 


332Xa, 


+ 


528X^ 


+ 


552X^ 


+ 


2881^ 


+ 


112X^ = 


450P, 


3. 


400Xa 




584Xb 


+ 


768Xc 


+ 


37 8X^ 


+ 


144Xh = 


585P. 


4. 


444Xa 


+ 


640Xt 


+ 


788Xc 


+ 


480X(i 


+ 


176Xh = 


632? , 


5. 


464Xa 


+ 


648X-b 


+ 


832Xc 


+ 


410X(i 


+ 


208Xh = 


585P, 


8, 


2Xa 


+ 


2X1, 


+ 




+ 


2Xd 


+ 


- 2Xh = 


0. 



Since the shearing force in the uncut rib is equal to Xj^, 
owing to the symmetry, it would have been possible to obtain 
equation 8 from the equations for moments in the longitudinal axis 
of a spar. 

We have from the equations 1 to 5: 

= + 0. 544 
Xo = + 0, 497 P , 
X'^ = 0. 315 P , • 
Xa = 0.117 P, 
X^ = - 0,967 P. 

These values put in equation 8 give: 
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2 (0.497 + 0.315 - 0.117 - 0.967) + 0, 544 = 0, 

2 (- 0. 272) + 0. 544 = 0, 

0 = 0. 

Then the forces P - X act on the loaded spar, so that: 

P(i = + 0. 456 P , 
P(, = + 0. 503 P, 
Pfe = + 0. 685 P, 
Pa = + 1.117 P, 
Pj^ = + 1.967 P. 

4. Bending; moments and stresses . 

In Fig. 8, the forces on the loaded spar are plotted as ordi- 
nates and the end points joined by a smooth curve. The curve re- 
sembles a parabola. The horizontals which unite the end points of 
the loads P were drawn for comparison. It is known that the load 
is transferred from the center to the supports on account of the re- 
action of the ribs. The maximxam bending moment is 

^ax = P s (2. 535 X 4 - 1. 117 X 3 - 0. 685 x 2 - 0, 503 x l) = 

= 4. 908 P s 

against - 

Mmax = P s (3. 5 X 4 - 3 - 2 - 1) = 8. 000 P s. 

The maximm bending moment, therefore, only amounts roughly to 
^ of that obtained when the effect of the ribs is neglected. 

80 
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The areas cf both moments have been plotted for comparisan in 
Fig. 9. Fig. 10 sho^vs the course of the moments of torsion on each 
of the two spars. 

The main stress is only slightly increased by the torsional 
moments as will be seen from the following calculation. 

For a circular section, for instance, in the section a-b 
where the torsional stress is greatest, there arises, 
the normal stress: o P s r 

the shearing stress: t = '^2^1^ P s r 
so thai - T-z__l^ a = 0.137 a. 

With m = 3 and a = 1* we obtain the principal stress: 



"^max 



= 0. 333 0 + 0.667 / o^ ^ 4X0.137^ 0^ = 1.035 0 
For the section at the center of the spar we get: 



r _ 0, 373 



2 X 4.908 



a = 0. 0377 



^max 



= 0.333 a + 0.667 y 0^+ 4x 0. 0377^ o ^ = 1. 001 o. 



The increase of the principal stresses is, therefore, insig- 
nificant both in the section of maximum torsion {2. 3fo) and in the 
section of maximiom bending moment (O. 1"^). 

The bending moments in the ribs are also of such magnitude 
that they can well be obtained from the present sections. In the 
worst case, in the rib h - 

M = 0.967 P s - I M4iax. 
* Compare "Hutte" 22nd edition. Volume 1, p. 527. 
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Since the moment of resistance of the ribs is generally 1/6 
to 1/8 of the moment of rssistance of tne spars there is no dan- 
ger of the ribs being overD.oaded. 

5, Co nclusion. 

The above investigation demonstrates that the loads are dis- 
tributed between the spars in a satisfactory manner by means of 
ribs. In general, this results in an increase in strength, since 
in most cases the external forces act very unequally on the two 
spars. If the forces act only on one spar, or on one spar up-vards 
and on the other spar do'-rawards, then the gain is considerable. In 
the present instance about 40fo. The investigation only proves 
this, however, for simple bending, but similar conclusions may be 
dra-J7n for buckling, as the deflections will be diir.inished in the 
same proportion as the bending mcnients. 

This favorable result bririgs up the question, ^irhether in se- 
lecting methods for calculating airplanes, vrith the object of ap- 
proximating the actual stresses as closely as possible, the results 
will not be too unfavorable. The calculation of stresses with a 
multiple of the load, for instance, is not used for other' purposes , 
not even in bridge building, where safety is as important as in an 
airplane, 

T!?ould it not be sufficient if factors of sa.fety were determin- 
ed from the stresses of unitary load? The breaking tests with 
wings show that the stresses calculated with unitary load come 
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nearsst to the actual conditions. 

Apart from the fact that the calculations with a multiple of 
the load frequently lead to impossible dimensions of the spar, the 
diminished work, at least in the design of new airplanes, should 
not be underestimated. But even theoretically, it is more correct 
to use the rules and formulas within the lim.its of proportionality 
for which alone they hold good. 

Appendix : - For the case where the mom.ents at the center of the 
ribs are not zero, there must be introduced for each section 
a, b, c, .... h, a moment X'a, X'b, X'c, .... X'^. The elastici- 
ty equations, under the same asstimptions as before, are then 

1. Xa 6aa + X'a Sat'a + '^h ^ba + ^'h ^b'a + ^c ^ca + 

+ X'c Sc'a+ = 5^Pm ^ma, 

3. Xa 6aa' + X'a ^a'a' + Xb ^ba' + X'b ^b'a' + Xq ^ca* + 

+ X'c 6c'a' + = 2Pra ^a' , 

3. Xa 6ab + X»a ^a-b + Xb ^b + X'b ^b'b + ^cb + 

+ X'c 6c»b + = iPm ^rab 

4. Xa 6ab' + X'a ^a'b' + Xb ^bb' + X'b ^b'b' + ^cb' + 

+ X'c 6c'b' + = ^mb' 



etc. to 16. 
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If i denotes the point of application of any shearing force 
t^ :. and k' denotes the point X']^, we have, as above: 



E I S Ip E Ij 



The moment Xj^i = -1 produces the moinents Mj^i and Tj^i 
for both halves of the wing with the same sign. The shearing force 
Xi = ~1 moments Mj_ and Tj_ with opposite signs. 

From symmetry, we accordingly have: 

' ° 

It, therefore, we substitute in equations 1 to IS - 



^a'a = ^'a = ^c'a =••••= ^ 

^aa- = ^ba' = ^ca- = •••• = ^ 

\'b " ^'b " "^c'b " " ° 

etc. 

we obtain two groups of eight equations, each -ith eight unknown 
quantities, of which the first group contains the unkno-jn quanti- 
ties Xa, X^, Xq, etc. , and the second group only the unknown quan- 
tities X'a, X'^, X'q, etc. The first group agrees with the equa- 
tions given at the commencement of the present paper while the sec- 
ond group is as follows: 

1. X'a ^a,^a,' + X'-^ ^b'a» + X'c ^c'a' + = ^ma' > 

2. X'a 6a'b' + X'b ^b'b' + X'c ^c'b' + = ^^m ^mb' ^ 

5- X'a 6a'c' + X'b ^b'c' + X'^ + = l^n ^mc'. 

etc. to 8. 
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As the loads P only produce bending moments in the spars 
and the loads X'q^ = -l, X'^^ = -1, = -1, etc, only produce 

bending moments in the ribs and torsional moments in the spars, 
we get 

2Pm ^a' = SPm ^b' = SPm ^mc' ==0 

The right hand sides of the last eight equations are, there- 
fore, zero. 

For the coefficients of the unknowns, we obtain, in accordance 
with the previous work: 

s ^ 

E I 6^.3^, = 2 I J 1^ dx+4X6/l^ d2=|s + 24s = 

3 0 0 o 

80 g 

E I 6^1^. = E I ^»c' = E I 6^»d' = 



» • « • 



4^2 ^2 44 

= 2 J 1 dx+2x6 / I dz=~^s, 

E I 5^1^, =3 3 1 cLx+4x6j^l da=^s + 

88 

+ 24 s = ~^ s, 
E I 5b'c' = E I 6-0. ^1 = E I = = 

« 2S S CO 

= 2 / l^dx+2x6 / l^dz=-rs, 

-J C 0 

etc. 

Multiplying by 3/4 we obtain: 

1. 20 X'a + 11 X'b + 11 X'c + 11 X'(i + 11 X'e + 11 X'f + 

+ 11 X»g + 11 X'h - 0, 
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2. 11 X'g^ + 22 + 13 + 13 X'^ + 13 X'g + 13 X»f + 

+ 13 X'g + 13 X'h = 0, 

3. 11 X'a + 13 X'-p + 24 X'^ + 15 X'^i + 15 X'g + 15 X'f + 

+ 15 X'g + 15 X'h = 0, 

4. 11 X'a + 13 X'b + 15 X'q + 26 X'jj + 17 X'g + 17 X'f + 

+ 17 X'g + 17 X'h = 0, 

5. 11 X'a + 13 X'-p + 15 X'(^ + 17 X'(i + 28 X'g + 19 X'f + 

+ 19 X' g + 19 X'h = 0, 

6. 11 X'a + 13 X'tj + 15 X'q + 17 X'^ + 19 X'g + 30 X«f + 

+ 21 X' g + 21 X'h = 0. 

7. 11 X'a + 13 X'^ + 15 X'c + 17 X'^ + 19 X'e +^31.•X•f.u+ 

+ 32 X' g + 23 X' ^ = 0, 

8. 11 X'a + 13 X'^ + 15 X'^ + 17 X'^ + 19 X'g + 21 X'^ + 

+ 23 X'g + 34 X'h = 0. 

These equations can be reduced to the formt 



1. 






20X'a - 


9X'b 


= 0, 


2. 


-9X'a 


+ 


20X'b - 


9X'c 


= 0, 


3. 


_9X'b 


+ 


20X'c - 


9X'd 


= 0, 


4. 


_9X'c 


+ 


20X'd - 


9X'e 


- 0, 



8. -9X'g + 20X'h 



= 0. 
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If \ie s-abstitute in these equations: 

X»a, = A + B Zz, 



X«- = A + B 



2 



X' c = A 2:,^+ B Zg^, 

X'g = A z/+ B z^'', 
X'n = A zi^+ B Zg^. 

where z^i and Zg are the two real roots of the equation 

-9 + 30 z - 9 = 0 
we obtain from equation 1, 

20 (A z, + B Z2) - 9 (A z,^ + B z/) = 0 

^'^^ A (30 z, - 9 Za^) + B (30 z^ - 9 Z32) = 0. 

But, by assumption, "e have - 

30 z, - 9 = 30 Z2 - 9 Z2^ = + 9 

whence, A must equal -B. 

We find from equation 8: 

-9 (A z,' + B z/ ) + 30 (A z,e + B z^^) -- 0 
or, with A equal to -B, 

A [ -9 z,' + 30 z,^ + 9 Zg' - 30 z^® 3 = 0, 
A [ z,'' (-9 + 30 z^) - Zs"" (-9 + 20 z^)] = 0. 
But, by assumption: 
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-9 + 20 Z3 =9 z^y 
-9 + 20 Z2 = 9 



therefore , 



A (s,^ - z/) = 0. 

Since {z-^ - z/ ) = 0 cannot become zero in this equation^ 
we find that A and, consequently, also B must be zero. From 
this it follows that - 

X'a = = X'e .--^ X'h = 0, 
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